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THE INVERSE OF A TRIDIAGONAL MATRIX

ABSTRACT

The closed form inverse of a fairly general tridiagonal matri' is

given. The restriction is that the off-diagonal elements in the tri--

diagonal band be nonzero. If the elements of the matrix are integers,

where the upper off-diagonal elements are equal and the lower off-

diagonal elements are equal, then an integer multiple of each elemert

of the inverse can be generated by integer axithmetic.
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I. INTRODUCTION

The closed form inverse of a fairly general tridiagonal matrix is

given. The restriction is that the off-diagonal elements in the tri-

diagonal band be nonzero. If the elements of the matrix are integers,

where the upper off-diagona; elements are equal and the lower off-

diagonal elements are equal, then an integer multiple of each element

of the inverse can be generated by integer arithmetic.

In an earlier note I an identity was obtained. Here we present

a simpler proof of a more general relation. Multiplication of a vector

by a tridiagonal matrix consists of applying a thrce term recurrence

operation to the sequence of elements of the vect.r. We give the ex-

plicit expression for the inverse of the matrix in terms of two vectors,

U and V, formed by recursive solution of the homogeneous relation with

the zero boundary condition at the beginning and at the end respectively.

II. FORMS OF MATRIX AND ITS INVERSE

Let B = (bij) be a tridiagonal matrix such that b # 0 and

bi+l,i t 0, i = 1....,n-l. Define u0 = 0, uI = 1 and ui+1

-b-.i 1 0 (b an ub u=orI

,i+l ii-lU;_ u.) for 1< i<_n-l and vn+1 = 0, vn -1

and v. 1 = -bjl. 1(bj.vj + b. 1 v.1 ) for n+l > j > 1. Let

x-1
A. = b. ' b. v.u. + b. v u

j,j-lVjUj-1 j j J j,j+l j+l j,

where

c.. : A.v.u. , i < j

ij . U 1
- ).v.u. , i >

Superccript numeraLs refer to n fcrerces found o: peje 10.
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is the inverse of B. Conversely, if B has an inverse, it is obtained

by this construction. To see this let UT = (ul,...,u n) and V =

T(v,...I v ), where uI and v. are defined above. Then (BU)T

T(0,...,0,&) and (BV) = (n,O,...,O), where & and n are some numbers.

Let C. ba the jth column.of B-1 . Since the first j-1 elements of
3

BC. are zero, for some r.
3 3

cij = r.u. , i< j.

Similarly, since the last n-j-1 elements of BC. are zero, for some s.3 3

c..- = s.v. , .L j.
1j 3 1

Thus,

r.u. = C.. S.,
Jr 33 3j

or for some A.

r. = A.v.
3 3J

and

s. = A.U..

The jth elemert of BC. is

I b j,j-icj-l j + b..c.. j + b .j+icj+c, jbj, j- j j, j j j,j+l j+l

- _1r u + b..r.u. + b.
j~j-l j-l yj j jjl

A.(b3. + b. .v.u. +b. v

j~b_ +bj3 3 j,,j+l 3 j+l

and this determines A..
3
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I1I I. INTEGER ELEMENTS

Suppose the elements of B are integers. Furthermore, suppose

b c and b = d foz i = l,...,n-l. Let

xi+ I = -(cdx i_ + biix i)

Yj-a -(bjjyj + cdyj+l)

w. = cdx. + y + cdx yj
S J-lYJ 3 j j+l'

where x 0 O, xI  n 0 and Yn = 1. It can be shown that

! cJ-iW.c. = c i

= d xYi i,

that is, an integer multiple of each element of the inverse can be

generated by integer arithmetic.
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